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Regional Mathematical Olympiad-2018

1. Let ABC be a traingle with integer sides in which AB < AC. Let the tangent to the circumcircle of tringle ABC at

A intersect the line BC at D. Suppose AD is also an integer. Prove that gcd (AB, AC) > 1

Sol. We have DAB = DCA and BDA =  ADC

So, ACD ~ BAD

CC B
D

A 
AC CD AD

BA AD BD
 

 
b a x y

c y x

  , where the lengths of BC, AC , AB, BD and

AD are a, b, c, x and y respectively.

  and 

a x b x c

y y c y b
  

 
a c b

y b c
   

b c a

c b y
 

 
( )( )

abc
y

b c b c


 

Suppose gcd (b, c) = 1  gcd (b, b – c) = gcd (c, b – c)

= gcd (b, b + c) = gcd (c, b + c) = 1

Instructions :

1. Claculators (in any form) and protractors are not allowed.

2. Rulers and compasses are allowed.

3. Answer all the questions.

4. All questions carry equal marks. Maximum marks : 102.

5. Answer to each question should start on a new page. Clearly indicate the question number.
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 (b – c)  b  and (b – c)  c  (b – c)| a (as y is an integer)

Also b  (b + c) and c  (b + c)  (b + c)| a

 b + c  a, a contradiction for sides of triangle.

Hence gcd(b, c)  1  gcd (b , c) > 1

2. Let n be a natural number. Find the real numbers x satisfying the equation
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Case 1 : When x > 0

Note that denominator of each term in the LHS is of the form 
1k

k
x

x
 , which takes the minimum value equal to

2 at x = 1, using AM  GM inequality.

Hence LHS  
1 2 3 ( 1)

....
2 2 2 2 4

n n n     

 LHS = RHS when LHS takes its maximum value, which is attained at x = 1.

Hence, x = 1 is a solution to the given equation

Case 2 : When x = 0

LHS becomes zero but RHS is non-zero

so, x = 0 is not a solution.

Case 3 : When x < 0

Using the analysis of case 1, we observe that LHS is less than 
( 1)

4

n n 
 since the odd indexed terms would

become negative making the summation less than the case when x is positive

 no negative solution x exists.

Hence x = 1 is the only solution.

3. For a rational number r, its period is the length of the smallest repeating block in its decimal expansion. For

example, the number r = 0.123123123... has period 3. If S denotes the set of all rational numbers r of the form

0.abcdefghr   having period 8, find the sum of all the elements of S.

Sol. We know that 0. , 0. , 0.
9 99 999

x xy xyz
x xy xyz    and so on. Let S

n
 denote the set of numbers having period n and


n
 the sum of all elements of set S

n
.

 
1

0.1, 0.2, ... , 0.8S 

=  1 2 8
, , ...,

9 9 9

and 
1
 = 

1 2 8
...

9 9 9
    = 

1 8 9

9 2

 = 4



3

Regional Mathematical Olympiad-2018

S
2
 =    0.01, 0.02, 0.03,... 0.98 0.1, 0.2,..., 0.8

 
2
 = 1

1 2 98
...

99 99 99
      = 

1 98 99
4 45

99 2

  

S
4
 =  0.0001, 0.0002, 0.0003, ... 0.9998  1 2

S S 

 
4
 =  1 2 9998

... 4 45
9999 9999 9999

    

= 
9998 9999

49
2 9999

 


= 4999 – 49 = 4950

S
8
 =  0.00000001, ..., 0.99999998  –(S

1
  S

2
 S

4
)

 4

1
(1 2 3 ... 99999998) (4 45 4950)

99999999
          = 49995000

4. Let E denote the set of 25 points (m, n) in the xy-plane, where m, n are natural numbers, 1  m  5, 1  n  5.

Suppose the points of E are arbitrarily coloured using two colours, red and blue. Show that there always exist

four points in the set E of the form (a,b), (a + k, b), (a + k, b + k), (a, b + k) for some positive integer k such

that at least three of these four points have the same colour. (That is, there always exist four points in the set

E which form the vertices of a square with sides parallel to axes and having at least three points of the same

colour).

Sol. 5 vertices of each row has to be coloured using exactly 2 colours. We shall start with first row in which 3 vertices

have one colour say blue, and rest 2 vertices have other colour, red. If this initial condition ensures atleast one

square with atleast 3 red vertices then, obviously, the other two starting conditions for first row (i.e. 4 vertices

coloured in blue or all 5 vertices coloured in blue) would automatically ensure atleast one square with atleast 3

red vertices.
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Then the vertices marked with (x) can’t be coloured by blue, so they has to be coloured in red, making atleast

one square with atleast 3 red vertices (as shown in marked). In Figure 3, position P can either be red or blue. If

P is red, then we have upper left 1×1 square with 3 red and if P is blue then either Q or S is red, making another

1×1 square with 3 red.
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5. Find all natural numbers such that 1 2n     divides 2n. (For any real number x, [x] denotes the largest integer

not exceeding x).

Sol 2n 
   value depends on whethere it is a perfect square or not

Case 1 : When 2n = K, where K is a natural number

 2n 
   + 1 = K + 1

As per question 2 1n     divides 2n.

 (K+1)|K2 Which is not possible as

gcd (K, K + 1) = 1

 no solution in this case

Case 2 : When 2n 
    K , K  N

then 2 1 2 2n n n    

 2 1 2n p n   , where 2p n   

 p = 2n   p2 < 2n < (p + 1)2

 p
2 < 2n < p

2 + 2p + 1 ...(i)

as 2 1n     divides 2n

 (p + 1) divides 2n ...(ii)

(i) and (ii) implies 2n = p2 + p


 1

,
2

p p
n p N


 

 Required natural numbers, 
 1

,
2

p p
n p N


 

6. Let ABC be an acute-angled triangle with AB < AC. Let I be the incetre of triangle ABC, and let D, E, F be the

points at which its incircle touches the sides BC, CA, AB, respectively. Let BI, CI meet the line EF at Y, X,

respectively. Further assume that both X and Y are outside the traingle ABC. Prove that

(i) B, C, Y, X are concyclic; and

(ii) I is also the incentre of tringle DYX.

Sol. (i) BIC = BID + CID

       = 90 90
2 2

B C          
   

A

E Y

C
DB

X F

I

P

        = 90
2

A 

Let BY and AC intersects in point P.

IPC = BIC – PCI =  90
2 2

A C  

IPC = EPY
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FEA = 90
2

A
PEY   

 EYP = 180° – (PEY + EPY) = 
2

C


2

C
EYP XYB   

 XYB = XCB

 XYCB is concyclic

(ii) Notice that IDCY is concyclic as

IYC = 90°, Since, BY =  BI + IY = 

sin
2

sin sin
2 2

A
IE

ID

B C

 
 
 

   
   
   

 BY = 

sin
2

cos
2

sin sin
2 2

A
ID

ID B
ID

B C

 
  

 
   
      

IDCY is concyclic  IYD = ICD = 
2

C
 (angle by the chord ID) ...(i)

Similarly, IDBX is concyclic

 IXD = IBD = 
2

B
...(ii)

(i) and (ii) implies I is the incentre of DYX.

�����
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